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Five-dimensional black strings in Einstein-Gauss-Bonnet gravity
Tsutomu Kobayashi∗ and Takahiro Tanaka†
Department of Physics, Kyoto University, Kyoto 606-8502, Japan
We consider black-string-type solutions in five-dimensional Einstein-Gauss-Bonnet gravity. Nu-
merically constructed solutions under static, axially symmetric and translationally invariant metric
ansatz are presented. The solutions are specified by two asymptotic charges: mass of a black string
and a scalar charge associated with the radion part of the metric. Regular black string solutions
are found if and only if the two charges satisfy a fine-tuned relation, and otherwise the spacetime
develops a singular event horizon or a naked singularity. We can also generate bubble solutions from
the black strings by using a double Wick rotation.
PACS numbers: 04.50.+h, 04.70.Bw
I. INTRODUCTION
Recently there has been a growing attention to grav-
ity in higher dimensions, and one of the central interests
is directed toward understanding the nature of higher
dimensional black objects. The terminology “black ob-
jects” stems from the curious fact that in d(≥ 5) di-
mensions various horizon topologies are allowed [1] as
well as a spherical topology Sd−2 [2]. For example,
there are stringlike solutions in five dimensions, which are
constructed by simply extending four-dimensional black
holes into one extra dimension, and thus they have hori-
zon topology S2 × R. Black string solutions which are
not uniform in the direction of an extra dimension were
also found numerically [3, 4]. Another example is a five-
dimensional rotating black ring with horizon topology
S2 × S1 [1]. This solution gives clear evidence against
black hole uniqueness in higher dimensions. As for sta-
bility, while it is well known that a uniform black string
suffers from the Gregory-Laflamme instability at long
wavelengths [5], stability of the other black solutions has
not been fully understood yet and is now being studied
actively [6, 7, 8, 9, 10].
Motivated by the suggestion from particle physics that
our observable world may be a brane embedded in a
higher dimensional bulk spacetime, configurations com-
posed of a black object-brane system have also been an
interesting issue in the past few years. A black string
solution in the Randall-Sundrum braneworld was first
studied in [11]. This solution is an extension of the
Schwarzschild black string in flat space to a solution in
an Anti-de Sitter bulk bounded by a brane with a tuned
tension. Much more nontrivial is a black hole localized
on a brane. No exact solutions describing such black
holes have been known so far, but numerical solutions
were worked out in [12], and an analytic approximation
method was developed in [13]. Black holes in braneworld
scenarios have a phenomenological aspect as well. For
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instance, an exciting possibility was pointed out that
black holes may be produced at accelerators [14, 15], and
a characteristic gravitational wave signal from a black
string was discussed [16].
In this paper we investigate black string solutions of
five-dimensional Einstein gravity with a “Gauss-Bonnet”
higher curvature correction term. The Gauss-Bonnet
combination of curvature invariants is relevant in five
dimensions or higher, although it reduces to just a to-
tal derivative in four dimensions. The Gauss-Bonnet
term is of importance in string theory since it arises
as the next-to-leading order correction in the heterotic
string effective action. This fact motivates several past
studies [17, 18, 19, 20] which considered black hole so-
lutions in a gravitational theory with a Gauss-Bonnet
correction term. (Though they have focused on a four -
dimensional case, it does not contradict the above re-
mark since in these works a scalar field coupled dilaton-
ically to the Gauss-Bonnet term is introduced.) Very
recently the Gauss-Bonnet correction is frequently dis-
cussed in the braneworld context as an attempt to extend
the Randall-Sundrum model in a natural way [21, 22].
Five-dimensional, static and spherically symmetric black
holes were systematically examined in the presence of a
Gauss-Bonnet term [23, 24, 25, 26], and its consequences
on the brane cosmology were discussed [26, 27, 28]. Our
study here addresses the simplest setup: the Einstein-
Hilbert plus the Gauss-Bonnet curvature term in five di-
mensions without a cosmological constant or branes.
The structure of the present paper is as follows. In
the next section we outline Einstein-Gauss-Bonnet grav-
ity and we consider static, axially symmetric, and trans-
lationally invariant black string metric ansatz and its
asymptotic boundary conditions in the framework of
Einstein-Gauss-Bonnet gravity. In Sec. III we briefly dis-
cuss our problem from a viewpoint of the reduced theory
in four dimensions. In Sec. IV, first we provide an ap-
proximate analytic solution valid for large mass, and then
present our numerical results. We also discuss bubble so-
lutions generated from the black string solutions. Section
V contains some remarks.
2II. PRELIMINARIES
A. Einstein-Gauss-Bonnet gravity
The gravitational theory that we consider in this paper
is defined by the action
S = 1
16piG5
∫
d5x
√−g[R+ αLGB], (1)
where G5 is the five-dimensional Newton’s constant, and
the Gauss-Bonnet Lagrangian is given by
LGB = R2 − 4RcdRcd +RcdefRcdef . (2)
A parameter α has dimension of (length)2. Variation of
this action gives following field equations for the metric:
Gab = α
2
Hab, (3)
where Gab is the Einstein tensor and Hab is the Lanczos
tensor,
Hab = LGBgab − 4(RRab − 2RacRcb
−2RacbdRcd +RacdeR cdeb ). (4)
Although the action involves the terms higher order in
curvature, the field equations (3) are second order. This
is the special feature of the Gauss-Bonnet Lagrangian (2).
For a nice review on Einstein-Gauss-Bonnet gravity (and
its Lovelock generalization), see, e.g., [29].
B. Two coordinate systems for black string
spacetime
We are interested in a black-string-type solution of the
field equations (3). We write a general metric of a static
black string spacetime as
ds2 = −e2A(r)dt2 + e2B(r)dr2 + r2dΩ2 + e2Φ(r)dy2, (5)
where dΩ2 = dθ2+sin2 θdϕ2 is the line element on a unit
2-sphere, r is the circumferential radius and y is a coordi-
nate in the direction of an extra dimension. A straight-
forward calculation gives explicit forms of the Einstein
and Lanczos tensor components, which are presented in
Appendix A.
As pointed out in [30], the radion part gyy = e
2Φ(r)
is crucial for constructing a black string solution in the
framework of Einstein-Gauss-Bonnet gravity. In fact,
if we assume Φ(r) = const, then it follows from the
(t, t) and (r, r) components of the field equations that
e−2B(r) = e2A(r) = 1 − 2m/r where m is an integration
constant. This is incompatible with the (y, y) component
of the field equations unless α = 0.
The event horizon of a black string is located at some
finite radius in the coordinate system of (5), e2A(rh) = 0.
Such singularity in the metric component might cause
difficulty when integrating the field equations numeri-
cally, and thus it will be better to use the so-called “tor-
toise” coordinate defined by dρ2 = e2B(r)−2A(r)dr2. Us-
ing this coordinate system, the metric is expressed as
ds2 = N2(ρ)(−dt2 + dρ2) + r2(ρ)dΩ2 + C2(ρ)dy2. (6)
Here we write eA(r) = N(ρ) and eΦ(r) = C(ρ). The
Einstein and Lanczos tensors in this coordinate system
are also presented in Appendix A. Now the horizon r =
rh is mapped to ρ = −∞, and the metric components are
expected to be slowly varying functions of ρ in this limit,
which makes a numerical investigation easier. Also, there
is another advantage of using this coordinate system. As
will be seen, r(ρ) is not a monotonic function for a class
of solutions. Due to this unusual behavior, gtt and gyy
are two-valued functions of r, while they are still single-
valued in ρ, and hence ρ is an appropriate coordinate for
describing such a class of solutions.
C. Asymptotic boundary conditions
Let us investigate the asymptotic behavior of the met-
ric functions. First we work in the coordinate system
of (5). For sufficiently large r, we may neglect H ba be-
cause it asymptotically decays in higher powers of 1/r,
and the field equations become G ba ≈ 0. Then we have
G tt + G rr + G θθ + G ϕϕ − 2G yy =
3e−2B
[
Φ′′ + (Φ′)2 +
(
A′ −B′ + 2
r
)
Φ′
]
≈ 0, (7)
where the prime denotes differentiation with respect to
r. This equation can be integrated to give
(
eΦ
)′ ≈ −QeB−A
r2
, (8)
eΦ ≈ 1 +Q
∫ ∞
r
eB−A
r2
dr ≈ 1 + Q
r
, (9)
where Q is an integration constant. From Eq. (9), we
obtain
− 1
4pi
∫
∂rΦ · r2dΩ = Q, (10)
where the integral is over a 2-sphere at infinity. Thus, Q
is regarded as a charge associated with the “scalar field”
Φ, which we called radion earlier.
When the Gauss-Bonnet term is turned off (α = 0),
the relation (8) is exact for all values of r. Then, it can
be easily seen that (eΦ)′ and eΦ diverge at the horizon,
r = rh, because e
A(rh) = 0. To avoid this, we must
set Q = 0, and hence a black string solution in Einstein
gravity cannot possess a “scalar charge”. In Einstein-
Gauss-Bonnet gravity, however, there is no reason for
prohibiting a nonzero scalar charge.
3Another set of field equations yields
2G θθ + G rr − G tt
= 2e−2B
[
A′′ + (A′)2 +
(
Φ′ −B′ + 2
r
)
A′
]
≈ 0,(11)
where we have used Eq. (7). From this we similarly ob-
tain
(
eA
)′ ≈M eB−Φ
r2
, (12)
eA ≈ 1−M
∫ ∞
r
eB−Φ
r2
dr ≈ 1− M
r
, (13)
where M is an integration constant. Since −gtt ≈
1− 2M/r near infinity, M is indeed the Arnowitt-Deser-
Misner mass. Finally, the asymptotic behavior of grr is
determined by the equation G rr ≈ 0 as
e2B(r) ≈ 1 + 2(M −Q)
r
. (14)
Thus the asymptotic form of the metric functions is spec-
ified by two parameters, M and Q.
Now let us move on to the second coordinate sys-
tem (6), which we will use for actual numerical calcula-
tions. Asymptotic forms of N(ρ) and C(ρ) are, of course,
N(ρ) ≈ 1− M
r(ρ)
, (15)
C(ρ) ≈ 1 + Q
r(ρ)
. (16)
Since r′ = eA−B by definition, we have for a large value
of ρ
r′(ρ) ≈ 1− 2M
r(ρ)
+
Q
r(ρ)
. (17)
Although Einstein-Gauss-Bonnet gravity has a param-
eter of dimension of (length)2, α, it does not appear in
the above asymptotic analysis. This parameter can al-
ways be set equal to unity in the field equations (pro-
vided that α > 0) by redefining the radial coordinate as
r → r/α1/2 (or ρ→ ρ/α1/2) and the asymptotic charges
as M → M/α1/2, Q → Q/α1/2. In this sense, free pa-
rameters that specify black string solutions are two di-
mensionless combinations, M/α1/2 and Q/α1/2.
III. FOUR-DIMENSIONAL POINT OF VIEW
Translational invariance in the y direction of black
string spacetime allows us to analyze such spacetime from
a point of view of the reduced theory in four dimensions.
Before proceeding to solving the field equations, let us
take a brief look at the problem from this viewpoint.
Substituting the metric ansatz
gabdx
adxb = e−Φ(xˆ)qµν(xˆ)dxˆ
µdxˆν + e2Φ(xˆ)dy2, (18)
into the five-dimensional action (1), we obtain the fol-
lowing four-dimensional action:
S =
1
16piG4
∫
dxˆ4
√−q
{
R− 3
2
(∇Φ)2 + αeΦLGB
+αeΦ[4Gµν∇µΦ∇νΦ− 3✷Φ(∇Φ)2]
}
, (19)
where G4 is the four-dimensional Newton’s constant, R,
Gµν , and LGB are constructed from the metric qµν , ∇µ is
the derivative operator associated with qµν , and we have
used a notation (∇Φ)2 := ∇µΦ∇µΦ, ✷Φ := ∇µ∇µΦ.
With some algebra we have omitted the total derivative
terms in Eq. (19).
The reduced action consists of the Einstein-Hilbert
term and a scalar field Φ, which has a non-trivial ki-
netic term and is coupled to the four-dimensional Gauss-
Bonnet term as well as to the Einstein tensor. Unfortu-
nately, this action itself does not seem to bring us much
insight on the properties of the black strings. However,
black hole solutions of the rather simpler action
S =
1
16piG4
∫
dx4
√−q
[
R− 3
2
(∇Φ)2 + αeΦLGB
]
,(20)
which contains only the terms in the first line in the ac-
tion (19), are extensively studied in Refs. [17, 18, 19, 20].
It is worth noting beforehand that our black string solu-
tions share some of the properties with four-dimensional
black hole solutions of the action (20). For example, the
same exotic structure of the metric near r = rm (which
is to be mentioned in the next section) is addressed in
Ref. [18].
IV. BLACK STRING SOLUTIONS IN
EINSTEIN-GAUSS-BONNET GRAVITY
A. Perturbative solution
Before presenting numerical results, we shall construct
a regular black string solution analytically by taking the
Gauss-Bonnet term as a perturbation from pure Einstein
gravity.
We start from the Schwarzschild black string in Ein-
stein gravity,
ds20 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2 + dy2, (21)
with f(r) := 1 − 2M/r. We solve the field equations
iteratively by taking α as a small expansion parameter
around this background. Substituting the background
solution (21) into the Lanczos tensor, we have
H yy =
48M2
r6
, H tt = H rr = H θθ = H ϕϕ = 0. (22)
We make the ansatz
e2A(r) = f(r) + 2αA1(r) + α
2A2(r) + · · · , (23)
e−2B(r) = f(r)− 2αB1(r) − α2B2(r) + · · · , (24)
eΦ(r) = 1 + αΦ1(r) + α
2Φ2(r) + · · · , (25)
4and then the equation for Φ1(r) is obtained as
[
r(r − 2M)Φ1′
]′
= −16M
2
r4
. (26)
A solution which vanishes at infinity and is regular at the
horizon is given by
Φ1(r) =
2
3
1
M
(
1
r
+
M
r2
+
4M2
3r3
)
. (27)
Comparing this with Eq. (9), we see that the asymptotic
charge Q is not independent of mass M for this solution:
Q =
2α
3M
+O(α2). (28)
The other two sets of the field equations of O(α) give
A1(r) =
2
3
(
1
r2
+
5M
6r3
+
2M2
r4
)
, (29)
B1(r) = − 2
3M
1
r
− 1
3
(
1
r2
+
M
r3
− 20M
2
3r4
)
. (30)
Here one of the two integration constants is determined
by the condition that A1 and B1 vanish at infinity, and
the other, which appears in the form of +c/r (respec-
tively, −c/r) in A1 (respectively, B1), is set to be zero
since we are considering a solution with a fixed mass M .
The event horizon is located at
rh = 2M − 23
18
α
M
+O(α2), (31)
with which it can be seen that e2A(rh) = e−2B(rh) =
O(α2).
A comment is now in order. Mignemi and Stewart [17]
investigated black hole solutions of the action (20) in the
same way as above. Namely, they perturbatively ob-
tained a solution valid at first order in α, assuming the
Schwarzschild black hole solution to be a background.
Their solution for the scalar field coincides with ours (27)
up to the overall factor [see Eq. (5) of Ref. [17]]. This
is not a surprise because Gµν and ∇µΦ vanish for the
background solution and hence the second line of the ac-
tion (19) does not contribute to the quadratic order of
perturbation.
B. Numerical results
The numerical integration is performed by using the
coordinate system (6). For given values of M and Q,
we impose the asymptotic boundary conditions following
Eqs. (15)–(17), and then integrate the (t, t), (θ, θ), and
(y, y) components of the field equations starting from
sufficiently large ρ towards ρ → −∞. The constraint
equation [the (r, r) component] is used to make sure that
numerical errors are sufficiently small.
FIG. 1: (color online) Metric components gtt (red lines) and
gyy (blue lines) as functions of the tortoise coordinate ρ (a)
and the circumferential radius r (b), and the relation between
ρ and r (c) for a black string with rather large mass M =
6α1/2 and Q = 2α/3M ≈ Qc. The two parameters are fine-
tuned so that the solution shows a regular behavior. The
perturbative solution is plotted as a reference [dashed line in
(b)].
a. Regular black string If and only if a relation be-
tween M and Q is fine-tuned, we can obtain a regular
black string solution, an example of which is presented
in Fig. 1. For a large mass black string, the fine-tuned
relation Q = Qc(M) is well approximated by Eq. (28),
Qc(M) ≃ 2α
3M
, M2 ≫ α, (32)
5and the solution is of course well approximated by the
perturbative solution given in the previous subsection.
On the other hand, for smaller M the regular solutions
deviate from the perturbative solution due to the higher-
order terms in α, though their effect is not so large. The
circumferential radius r is a monotonic function of ρ for
this class of solutions.
This solution has a regular event horizon, and near the
horizon the metric components are expressed as [18, 19]
e2A(r) = a1x+
a2
2
x2 + · · · , (33)
e−2B(r) = b1x+
b2
2
x2 + · · · , (34)
Φ(r) = Φh + φ1x+
φ2
2
x2 + · · · , (35)
where x = r− rh. Substituting these into the field equa-
tions and solving the resultant algebraic equations, we
can determine the coefficients order by order. From the
leading order equations [the (t, t) and (r, r) components
give the same equation], we have
φ1 =
−rh ±
√
r2h − 8α
r2h + 4α
, (36)
b1 =
2
rh ±
√
r2h − 8α
, (37)
and
3
a2
a1
+
b2
b1
= − 8rh
r2h + 4α
. (38)
Only in the upper “+” sign case, b1 is well behaved in the
α→ 0 limit. Black string solutions are found only in this
branch, and one can easily confirm that the perturbative
solution indeed chooses this branch. Since φ1 and b1 must
be real, for given α there is a minimum horizon size:
rh ≥
√
8α. (39)
From the next-to-leading order equations and Eq. (38)
we can determine the second derivatives of the metric
functions at the horizon. For the + sign case they are
given by
a2
a1
= − 3rh
r2h + 4α
− 1
2
[
1
rh
− 3r
2
h + 4α
(r2h + 4α)
√
r2h − 8α
]
, (40)
b2
b1
=
rh
r2h + 4α
+
3
2
[
1
rh
− 3r
2
h + 4α
(r2h + 4α)
√
r2h − 8α
]
, (41)
φ2 =
4α
rh(r2h + 4α)
2
(42)
×rh(3r
2
h − 4α)
√
r2h − 8α+ (3r2h + 4α)(r2h − 4α)
rh(r2h − 8α) + (r2h − 4α)
√
r2h − 8α
.
It can be seen from these equations that taking rh →√
8α, the coefficients a2, b2, and φ2 diverge, which leads
to a singular solution in the minimum horizon size limit.
Repeating the same procedure, we obtain all the co-
efficients bi and φi (i = 1, 2, ...) and the ratio aj/a1
(j = 2, 3, ...), but a1 itself and Φh are left undeter-
mined. The values of these two coefficients are shifted
by rescaling t and y coordinates as t→ λtt and y → λyy
with constant λt and λy and are to be fixed so that
e2A(∞) = e2Φ(∞) = 1. Thus, the only parameter we
can choose freely at the regular horizon is the value of
the horizon radius rh, and this degree of freedom corre-
sponds to one freely chosen charge at infinity.
Now we mention the implication of the minimum mass.
Let us consider a length scale l where the Einstein-Hilbert
term and the Gauss-Bonnet term become comparable.
Since R ∼ M/r3 and LGB ∼ R2, l is roughly given
by ∼ (αM)1/3. For large mass we have l ≪ rh ∼ M ,
so that R ≫ αLGB outside the horizon. Even for the
minimum mass, we have M0 ∼ α1/2 and thus the scale
l is of order the horizon size: l ∼ α1/2 ∼ √8α. In other
words, the Gauss-Bonnet term can never dominate the
Einstein-Hilbert term outside the horizon.
The horizon radius is turned out to be monotoni-
cally decreasing with decreasing mass, and reaches the
minimum at M = M0 (Fig. 2). We numerically find
M0 ≃ 1.9843α1/2 and Qc(M0) ≃ 0.48930α1/2. For the
minimum mass black string, the quantitative difference
from the Schwarzschild black string in Einstein gravity
with the same mass stands out well (Fig. 3).
We can relate the expansion coefficients and the
asymptotic charges by using the field equation G tt −G yy =
α(H tt − H yy )/2. This combination reduces to the total
derivative form
d
dr
[
r2eA−B
(
eΦ
)′ − r2eΦ−B (eA)′]
= 4α
d
dr
{(
e−3B − e−B) [eA (eΦ)′ − eΦ (eA)′]} ,
and hence
F(r) := r2eΦ−B (eA)′ − r2eA−B (eΦ)′
+4α
{(
e−3B − e−B) [eA (eΦ)′ − eΦ (eA)′]} , (43)
is a constant. Evaluating this at the horizon and at in-
finity, we obtain
M +Qc(M) =
1
2
(r2h + 4α)e
Φh
√
a1b1. (44)
b. Null singularity If one does not impose the fine-
tuned relation between the asymptotic charges, other
types of solutions can be found. For the asymptotic
charges satisfying Q < Qc(M), the solution shows rather
exotic behavior, as is presented in Figs. 4 and 5. A par-
ticular feature is that the circumferential radius takes
minimum at a finite value of ρ (denoted as ρm), where
grr = (N/∂ρr)
2, ∂rgtt, and ∂rgyy diverge.
We can find a solution of this class for M smaller than
the minimum mass of the regular black string M0, which
is not contradictory because, as will be seen shortly, this
6FIG. 2: (color online) Horizon radius as a function of M (red
circles). Blue dashed line indicates the horizon radius of the
perturbative solution, rh = 2M − 23α/(18M), which approx-
imates the regular black string quite well for M2 ≫ α.
FIG. 3: (color online) Quantitative difference between the
minimum mass regular black string in Einstein-Gauss-Bonnet
gravity (red and blue solid lines) and the Schwarzschild black
string in Einstein gravity with the same mass (dashed lines).
solution does not have a regular horizon. The critical
value Qc(M) is not defined for M < M0, but we can
extend the definition ofQc(M) to the smaller mass region
as the largest value of Q for which the solution falls in
this class. Let us denote the extended critical value for
M < M0 by Q¯c(M). Namely, the parameter region in
which solutions of this class exist is bounded above by
Qc for M > M0 and by Q¯c for M < M0. For fixed M ,
ρm is decreasing with increasing Q, and in the fine-tuned
limit we have
lim
Q→Qc
ρm → −∞. (45)
Near the minimum circumferential radius, r = rm :=
r(ρm), the metric components behave as r − rm ∼
[gtt(r) − gtt(rm)]2, r − rm ∼ [gyy(r) − gyy(rm)]2, and
r − rm ∼ (ρ − ρm)2. Noticing these, we can expand the
FIG. 4: (color online) Metric components gtt (red lines) and
gyy (blue lines) as functions of the tortoise coordinate ρ (a)
and the circumferential radius r (b), and the relation between
ρ and r (c) for a black string with M = 3α1/2 and Q =
−α1/2. The two parameters are not fine-tuned. The metric
components are two-valued functions of r, and there is a null
singularity at the Killing horizon (gtt = 0).
metric components as [18, 19]
A(r) = A¯m + A¯∗x
1/2 + A¯1x+ · · · ,
e−2B(r) = b¯1x+ · · · , (46)
Φ(r) = Φ¯m + φ¯∗x
1/2 + φ¯1x+ · · · ,
7FIG. 5: (color online) Behavior of 1/grr(r) = e
−2B(r) for
M = 3α1/2 and Q = −α1/2 black string. It vanishes at r =
rm ≈ 9.1α
1/2, but is finite at r = rs ≈ 12α
1/2.
where x = r − rm. The coefficients are constrained by
b¯1 =
2
rm
, A¯1 = −1
2
A¯2∗ −
rm
r2m + 4α
,
φ¯∗A¯∗ =
2rm
r2m + 4α
, φ¯1 = −1
2
φ¯2∗ −
rm
r2m + 4α
. (47)
In contrast to the regular horizon case, there are two free
parameters in this expansion. Namely, given the val-
ues of rm and either A¯∗ or φ¯∗, we can determine all the
remaining coefficients order by order. These 2 degrees
of freedom correspond to the two freely chosen asymp-
totic charges. Note that A¯m and Φ¯m, of which values
are shifted by rescaling t and y coordinates, should be
adjusted to satisfy e2A(∞) = e2Φ(∞) = 1.
Using the expansion (47), one can easily confirm that
the curvature invariants do not diverge at r = rm,
though, of course, regularity at this point is rather obvi-
ous if one uses the tortoise coordinate. A similar struc-
ture of metric near the minimum circumferential radius
was reported in Ref. [18] in the framework of dilatonic
Gauss-Bonnet gravity (20). However, since in the analy-
sis of Ref. [18] they did not use the tortoise coordinate,
and they integrated the field equations from inside to-
ward infinity using the radial coordinate r, “the structure
inside ρm” was not recognized.
For ρ < ρm, the circumferential radius increases as ρ
decreases, until gtt vanishes at r(−∞) =: rs. The metric
components exponentially approach their values at r = rs
as ρ → −∞: gtt ∼ ec1ρ and x := rs − r ∼ ec2ρ with
c1, c2 > 0. Then, the (r, r) component behaves like
e−2B =
(
∂ρr
N
)2
∼ e(c1−2c2)ρ ∼ xc1/c2−2. (48)
We numerically confirmed that grr neither vanishes nor
diverges at r = rs (see Fig. 5). Thus, the only possibility
is c1/c2 = 2 and we have gtt ∼ x2 at the leading order.
From this argument we obtain
e2A(r) =
a˜2
2
x2 − a˜3
6
x3 + · · · ,
e−2B(r) = b˜s − b˜1x+ · · · , (49)
Φ(r) = Φ˜s − φ˜1x+ φ˜2
2
x2 + · · · .
The coefficients are constrained by
b˜1 =
rs
4α
r2s + 4α+ 4αb˜s
r2s + 4α− 4αb˜s
, (50)
φ˜1 = − 2rs
r2s + 4α− 12αb˜s
, (51)
2
a˜3
a˜2
+ 3
b˜1
b˜s
= −6rs(r
2
s + 4α− 12αb˜s)
(r2s + 4α− 4αb˜s)2
, (52)
φ˜2 + φ˜
2
1
=
(1 + 3b˜s)r
2
s + 4α(1− b˜s)(1 − 3b˜s)
b˜s(r2s + 4α− 4αb˜s)(r2s + 4α− 12αb˜s)
. (53)
Using this expansion, we can show that the Kretschmann
scalar, RabcdRabcd, diverges as
RabcdRabcd ∼ O
(
1
(rs − r)2
)
, (54)
which can be confirmed numerically as well. Thus, the so-
lution has a null singularity at the Killing horizon. Note
that here again there are two free parameters, rs and b˜s,
and this is consistent with the analysis near r = rm.
For the same mass black strings, we find that
rh(M,Qc) < rs(M,Q), (55)
namely, the radius of the singular horizon is larger than
that of the event horizon of the regular black string with
the same mass.
The constancy of F implies that
M +Q = F(rm) = F(rs), (56)
with
F(rm) = 1
2
(r2m + 4α)e
Φ¯m
√
a¯mb¯1
(
a¯∗
2a¯m
− φ¯∗
)
, (57)
and
F(rs) = (r2s + 4α− 4αb˜s)eΦ˜s
√
a˜2b˜s
2
. (58)
From Eq. (50) we see that r2s + 4α − 4αb˜s > 0 because
both b˜1 and b˜s are positive, which yields the positivity
of F(rs). This means that the asymptotic charge Q is
restricted in the region −M < Q < Qc(M) for this class
of solutions. The limit point M + Q = 0 can only be
achieved by setting e2Φ˜s = gyy(rs) = 0. One can easily
deduce that if one chooses the asymptotic charges sat-
isfying M + Q < 0, the metric component gyy vanishes
at finite ρ, namely, spacetime has a bubblelike structure.
This is in fact the case, and such a class of solutions will
be discussed in the next subsection.
8FIG. 6: (color online) Behavior of the metric components for
M = 3α1/2 and Q = −6α1/2 < −M . The spacetime has a
bubblelike structure.
c. Naked singularity For larger values of the scalar
charge, Q > Qc(M) [or Q¯c(M)], we find that N
′′(ρ),
r′′(ρ), and C′′(ρ) [or C′(ρ)] diverge at a finite ρ and the
Kretschmann scalar also diverges there; the solution has
a naked singularity. Thus critical value Qc and Q¯c gives
the boundary of the two classes of solutions, with a null
singularity and with a naked singularity.
C. Bubble dual of black strings
As was already mentioned, we obtain bubble solutions,
rather than black strings, if M + Q is negative (Fig. 6).
The behavior of the solutions in the parameter region
M + Q < 0 can be understood by the following “dual”
picture [31]. Bubble-type spacetime can be constructed
from the black string solutions of the form of (5) via a
double Wick rotation,
t 7→ iy, y 7→ it, (59)
with a simultaneous exchange of the charges,
(M,Q) 7→ (−Q,−M). (60)
The transformation rule (60) follows from the asymptotic
behavior of gtt and gyy [see Eqs. (9) and (13)]. Under this
“duality” transformation, any black strings with asymp-
totic charges M and Q(> −M) are mapped to bubble
configurations with M ′ = −Q and Q′ = −M , but now
the two charges satisfy M ′ +Q′ < 0. A solution with a
null singularity is dual to a bubblelike solution that is sin-
gular at the point where gyy vanishes, but this singularity
is no longer null. A naked singularity in the solutions for
Q > Qc(M) remains naked under the duality transfor-
mation. Only for the fine-tuned values of M and Q we
obtain a regular bubble solution.
0 1 2 3 4 5 6
-2
-1.5
-1
-0.5
0
0.5
1
1.5
null singularity
naked singularity
regular black string
M=ë1=2
Q
=ë
1
= 2
rh = 8ë
p
bubble
FIG. 7: (color online) Classification of solutions with M and
Q. Regular black string solutions can be found only for fine-
tuned values of M and Q (red solid line), and the large one is
well approximated by the perturbative solution (dashed line
just below the red solid one). The fine-tuned curve is a bound-
ary of two regions in which solutions with a null singularity
and a naked singularity, respectively, reside. This boundary
curve can be extended down to M = −Q ≈ 0.112α1/2 . The
nature of the bubble-type solutions below the M +Q = 0 line
can be understood by the dual picture.
D. Summary
The results obtained in this section are summarized in
Fig. 7 as a “phase diagram.” Although the asymptotic
analysis allows any values of charges M and Q, we have
seen that a vast area of the parameter space is covered by
string-type configurations with a singular Killing horizon,
corresponding bubble-type configurations with negative
M+Q which is generated by a double Wick rotation, and
solutions with a naked singularity. We have shown that
regular solutions (and their bubble counterparts) form a
one-parameter family whose asymptotic charges are given
by (M,Qc(M)). We have obtained an approximate so-
lution that fits quite well the regular black string with
M2 ≫ α by a perturbative expansion with respect to α.
In order for the horizon to be regular, its radius must be
bounded below: rh ≥
√
8α, leading to the existence of
the minimum mass black string.
The fine-tuned curve Q = Qc(M) that generates the
one-parameter family of the regular black strings can
be extended to the small mass region in the sense that
it still represents a boundary of the classes of the so-
lutions with a null singularity and a naked singularity,
though regular solutions do not exist on the extended
curve Q = Q¯c(M). The boundary curve truly terminates
at (M,Q) ≈ (0.112α1/2,−0.012α1/2), where it encoun-
ters the M +Q = 0 line. This line is an invariant set of
the transformation (M,Q) → (−Q,−M), and solutions
reside below this line have a bubblelike structure.
9FIG. 8: (color online) Horizon radius in the Einstein frame
rˆh as a function of Mˆ (red circles). Blue dashed line shows
the horizon radius of the perturbative solution, rˆh = 2Mˆ .
(It is easy to show that qtt = 1 − 2Mˆ/rˆ + O(α
2) and qrˆrˆ =
(1− 2Mˆ/rˆ)−1 +O(α2) for the perturbative solution [17].)
V. FINAL REMARKS
We have seen aspects of black string configurations
in the framework of five-dimensional Einstein-Gauss-
Bonnet gravity. In the present paper we focused on
static black-string-type metric respecting spherical sym-
metry on the transverse hypersurface and did not con-
sider (self-gravitating) branes nor a cosmological con-
stant that warps spacetime. Consequently our metric
ansatz is very simple, possessing translational invariance
in the extra y direction, but a nontrivial radion part
gyy = e
2Φ(r) is assumed, without which black-string-type
solutions are not allowed in Einstein-Gauss-Bonnet grav-
ity [30]. From a phenomenological point of view, it would
be interesting to generalize the black string solutions in
this paper to afford brane boundary conditions and a
warp factor due to a bulk cosmological constant.
Stability of solutions is an important issue in black
hole physics. Stability analysis for the four-dimensional
black hole solutions of dilatonic Gauss-Bonnet grav-
ity (20) [17, 18, 19, 20] was done in Refs. [32, 33]. Here,
following Refs. [33, 34], we briefly comment on the sta-
bility of our (regular) black string solution within trans-
lationally invariant and spherically symmetric configura-
tions. Under the restriction of translationally invariant
perturbations we may work in the reduced action (19). In
the similar action of dilatonic Gauss-Bonnet gravity (20),
the minimum mass solution does not correspond to the
end of a sequence of solutions, and for masses near the
minimum we have two solutions with different horizon
radii [33]. With the aid of a catastrophe theory1, one
can argue that an instability mode sets in when the mass
1 It is shown that stability analysis within linear perturbations is
consistent with the analysis via a catastrophe theory [34].
is reduced to the minimum value. If we attempt to apply
the same argument to our situation by seeing whether
there exists such a “turning point” in the mass-horizon
radius diagram, we have to use mass and a horizon ra-
dius defined in the Einstein frame [34], not M and rh
that we have used throughout this paper. The Einstein
frame metric qµν is conformally related to the Jordan
frame metric gab via Eq. (18),
qµνdxˆ
µdxˆν = eΦ(−e2Adt2 + e2Bdr2 + r2dΩ2)
= −eΦ+2Adt2 + e
2B
(1 + r∂rΦ/2)
2 drˆ
2 + rˆ2dΩ2, (61)
from which mass Mˆ and a horizon radius rˆh in the Ein-
stein frame can be read off as
Mˆ =M − Q
2
, rˆh = e
Φ(rh)/2rh. (62)
The relation between Mˆ and rˆh is plotted in Fig. 8,
and we see the monotonic behavior, with no turning
point in this diagram. Therefore, it is strongly indicated
that there is no instability under translationally invariant
and spherically symmetric, linear perturbations. If there
arises no instability mode down to the minimum mass,
the sequence of solutions suddenly hits singularity when
the mass is reduced, say, by Hawking radiation. How-
ever, another type of instability may arise before reach-
ing the minimum mass. For example, something similar
to the Gregory-Laflamme instability of black strings [5]
may happen. Since the radius of the extra dimension can
be arranged to be arbitrary small in the present context,
the usual criteria for the Gregory-Laflamme instability
can be avoided easily. However, the Gauss-Bonnet cor-
rection will bring extra terms to the purterbation equa-
tion because of the presence of the Weyl tensor in the
field equations, and such terms may stabilize or destabi-
lize the black string solutions. This is an open issue that
we hope to return to in a future publication.
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APPENDIX A: NON-ZERO COMPONENTS OF THE EINSTEIN AND LANCZOS TENSORS
• The Einstein and Lanczos tensors in the coordinate system of (5):
G tt =
e−2B
r2
[
r2Φ′′ + 2rΦ′ + r2(Φ′)2 − r2B′Φ′ − 2rB′ + 1− e2B] , (A1)
G rr =
e−2B
r2
[
r2A′Φ′ + 2r(A′ +Φ′) + 1− e2B] , (A2)
G yy =
e−2B
r2
[
r2A′′ + 2rA′ + r2(A′)2 − r2A′B′ − 2rB′ + 1− e2B] , (A3)
G θθ = G ϕϕ =
e−2B
r2
[r2A′′ + 2rA′ + r2(A′)2 − r2A′B′
+r2Φ′′ + 2rΦ′ + r2(Φ′)2 − r2B′Φ′ − r(A′ +Φ′ +B′) + r2A′Φ′], (A4)
and
1
8
H tt =
e−2B
r2
{
(1− 3e−2B)B′Φ′ − (1− e−2B) [(Φ′)2 +Φ′′]} , (A5)
1
8
H rr =
e−2B
r2
[−(1− 3e−2B)A′Φ′] , (A6)
1
8
H yy =
e−2B
r2
{
(1 − 3e−2B)A′B′ − (1− e−2B) [(A′)2 +A′′]} , (A7)
1
8
H θθ =
1
8
H ϕϕ =
e−4B
r
{
Φ′
[
A′′ + (A′)2
]
+A′
[
Φ′′ + (Φ′)2
]− 3A′B′Φ′} , (A8)
where ′ := ∂r.
• The Einstein and Lanczos tensors in the coordinate system of (6):
N2G tt =
C′′
C
− N
′C′
NC
+ 2
r′′
r
− 2N
′r′
Nr
+ 2
C′r′
Cr
+
(
r′
r
)2
− N
2
r2
, (A9)
N2G ρρ =
N ′C′
NC
+ 2
N ′r′
Nr
+ 2
C′r′
Cr
+
(
r′
r
)2
− N
2
r2
, (A10)
N2G yy =
N ′′
N
−
(
N ′
N
)2
+ 2
r′′
r
+
(
r′
r
)2
− N
2
r2
, (A11)
N2G θθ = N2G ϕϕ =
N ′′
N
−
(
N ′
N
)2
+
C′′
C
+
r′′
r
+
C′r′
Cr
, (A12)
and
N2
8
H tt = −
1
r2
(
C′′
C
− N
′C′
NC
)
+
1
N2
[
C′′
C
(
r′
r
)2
+ 2
C′r′
Cr
r′′
r
− 3N
′C′
NC
(
r′
r
)2]
, (A13)
N2
8
H ρρ = −
1
r2
N ′C′
NC
+
3
N2
N ′C′
NC
(
r′
r
)2
, (A14)
N2
8
H yy = −
1
r2
[
N ′′
N
−
(
N ′
N
)2]
+
1
N2
[
N ′′
N
(
r′
r
)2
+ 2
N ′r′
Nr
r′′
r
− 3
(
N ′
N
)2(
r′
r
)2]
, (A15)
N2
8
H θθ =
N2
8
H ϕϕ =
1
N2
[
N ′′C′r′
NCr
+
N ′C′′r′
NCr
+
N ′C′r′′
NCr
− 3C
′r′
Cr
(
N ′
N
)2]
, (A16)
where ′ := ∂ρ.
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